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Liquid analytic ring structure on R



Analytic geometry



Schemes, adic spaces, manifolds/C



Definition

An analytic ring A is a condensed ring A

together with a functor

{extr.disc.}→ModCond
A

S 7→ A[S]

giving a “free complete A-module” on S.



Definition

An analytic ring A is a condensed ring A

together with a functor

{extr.disc.}→ModCond
A

S 7→ A[S]

giving a “free complete A-module” on S.



Definition

An analytic ring A is a condensed ring A

together with a functor

{extr.disc.}→ModCond
A

S 7→ A[S]

giving a “free complete A-module” on S.



Theorem (Clausen–Scholze)

Let 0 < p ′ < p < 1 be real numbers,

let S be a profinite set,
and let V be a p-Banach space.

Let Mp ′(S) be the space of p ′-measures on S.

Then
Exti

Cond(Ab)(Mp ′(S),V) = 0

for i > 1.
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Scholze’s challenge



Scholze’s reasons

– “spent much of 2019 obsessed with the proof
of this theorem, almost getting crazy over it”

– “I think nobody else has dared to look at the
details, and so I still have some small
lingering doubts”

– “proof has some very unexpected features
. . . very much of arithmetic nature”

– “I think this may be my most important
theorem to date”
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First target (Thm 9.4 of Analytic.pdf)

Fix 0 < r < r ′ < 1.

For any m, there exists a k and c0

such that for all profinite sets S
and r-normed Z[T±1]-modules V
the system of complexes

C•c : V̂(Mr ′(S)6c)
T−1
→ V̂(Mr ′(S)2

6κ1c)
T−1
→ . . .

is 6 k-exact in degrees 6 m for c > c0.



(Question 9.9 of Analytic.pdf)

How does k grow, in terms of r, r ′, m, etc?



Progress report

target 1 100%

target 225%

– Some statements/proofs of lemmas and
auxiliary definitions were changed

– Detailed blueprint

– Answer to Question 9.9 of Analytic.pdf

– Proof assistant

– Alternative to Breen–Deligne resolutions
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Lean theorem prover

Core developer:
Leonardo de Moura (Microsoft Research)

– 2013, first version

– 2017, Lean 3

– 2021, Lean 4 pre-release

mathlib, main mathematical library
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Lean demo



Theorem (Breen–Deligne)

There exists a functorial resolution of an abelian
group A of the form

· · · →
nj⊕

j=1

Z[Ari,j ] · · · → Z[A3]⊕Z[A2]→ Z[A2]→ Z[A]→ A→ 0

where all nj and ri,j are natural numbers.



Lemma

There exists a completely explicit functorial
complex of an abelian group A of the form

C(A) : · · · → Z[A2i
] · · · → Z[A4]→ Z[A2]→ Z[A]→ A→ 0

with the property that:

if Exti(C(A),B) = 0 for all i > 0,

then Exti(A,B) = 0 for all i > 0.
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Joint work with

– Peter Scholze

The Lean community

– Adam Topaz

– Riccardo Brasca

– Patrick Massot

– Scott Morrison

– Kevin Buzzard

– Bhavik Mehta

– Damiano Testa

– Filippo A.E. Nuccio

– Heather Macbeth

– Mario Carneiro



Talk 2: Lean

Talk 3: math



Pointers

Community website
leanprover-community.github.io

Chatroom
leanprover.zulipchat.com

Natural number game
wwwf.imperial.ac.uk/~buzzard/xena/natural_number_game/

leanprover-community.github.io
leanprover.zulipchat.com
wwwf.imperial.ac.uk/~buzzard/xena/natural_number_game/


THE END


