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-1. INTRODUCTION

Let X be a smooth projective variety of dimension d over K. In the previous talk we have seen how to attach
a triangulated category DP(X) to X: namely, the bounded derived category of coherent sheaves on X.

In this talk we will focus on a theorem of Bondal and Orlov, that shows that DP(X) is a complete
invariant of X as soon as the canonical bundle wx = /\d QL (or its dual wY;) is ample. On, the other hand,
if neither wx nor wy is ample, then there may be another smooth projective variety ¥ over K such that

DP(X) = DP(Y). We may then use such an equivalence as a sort of ‘bridge’.
For purposes of exposition, we assume that the ground field K is algebraically closed. This simplifies

some of the proofs, although all statements are valid over arbitrary fields.

0. OUR TODO LIST FOR TODAY

canonical models

Serre functors

dimension lemma

simple objects and point-like objects
invertible objects

the theorem of Bondal and Orlov

(ample sequences)?
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(a description of Aut(DP(X)) when wy or w¥ is ample)?

1. THE CANONICAL MODEL

Let X be a smooth projective variety over K. Let wx be the canonical bundle A® QL where d = dim(X).
Form the graded algebra Bx = @, H°(X,w%), where multiplication is induced from the algebra structure
on the exterior algebra @, ., w%. Denote with B} the subalgebra Drez-, HO(X,w%). The algebra BY is

called the canonical ring, and Proj (B}) is called the canonical model of X: there is a natural morphism
X — Proj(BY).

1.1 REMARK. (i) The variety Proj(B¥) only depends on the birational equivalence class of X. For example,
a blowup of X will have the same canonical model as X. (ii) The dimension kod(X) of Proj(BY) is called
the Kodaira dimension of X; we have kod(X) < dim(X), and kod(X) := —ooc if Proj(BY,) is empty. (i)
Usually the variety Proj(BY,) has singularities. (iv) The map X — Proj(BY) is an isomorphism if and only
if wy is ample. (v) Together, the previous remarks show that it is a strong condition to require that wx is

ample.



In this talk we require usually require that wx or w¥ is ample. This is still a strong condition. We
therefore do not look at the map X — Proj(BY¥) but at the natural map X — Proj(Bx). This map is an

isomorphism if and only if wy or wy is ample.

1.2 LEMMA. Let X be a smooth projective variety over K. Then Bx may be recovered from the data
(DP(X),Ox,wx), where we consider D*(X) as K -linear category. In particular, if wx or wY is ample, we

recover X.

Proof. Observe that H°(X,w%) = Hom(Ox,wk). Thus Bx = @, c, Hom(Ox,wk ) may be recovered from
(DP(X), Ox,wx). QED

2. SERRE FUNCTORS

2.1 DEFINITION (def 1.28 of [H]). Let A be a K-linear category. A Serre functor is a K-linear equivalence
S: A — A such that for any two objects A, B € A there exists an isomorphism

na,p: Hom(A, B) — Hom(B, S(A))"
(of K-vector spaces) that is functorial in A and B.

2.2 EXAMPLE. Let us return to the smooth projective variety X of dimension d over K. Serre duality
provides us with an example of a Serre functor on DP(X): Sx(F®) = F* ® wx|[d]. For this reason, the

canonical bundle wyx is also called the dualizing sheaf.

2.3 LEMMA.  Let A be a K-linear category. Let S1 and So be Serre functors on A. Then Sy = Ss.
Proof. This follows immediately from the definition and the Yoneda lemma. QED
2.4 LEMMA (lem 1.30 of [H]).  Let A and B be two K-linear categories. Let S (resp. Sp) be a Serre

functor on A (resp. B). If F: A — B is a K-linear equivalence, then F' commutes with the Serre functors Sa
and Sg. In other words: F'o Sy = SgoF.

Proof. This follows from lemma 2.3 and transport of structure. QED
2.5 LEMMA. Let X be a smooth projective variety over K. Then Bx may be recovered from the data

(DP(X),Ox), where we consider D*(X) as graded K-linear category. In particular, if wx or w¥% is ample,

we recover X.

Proof. Tt follows from lemma 2.3 that up to isomorphism there is a unique Serre functor S on DP(X).
Now observe that wx = S(O)[—dim X]. (Here we use the graded structure on DP(X).) We conclude by
lemma 1.2. QED

3. 'THE DIMENSION LEMMA

With this bit of knowledge on Serre functors under our belt, we can also prove that one can recover the
dimension of X from just DP(X).



3.1 LEMMA (prp 4.1 of [H]).  Let X and Y be smooth projective varieties over K. If there exists a derived

equivalence

DP(X) — DP(Y)

then dim(X) = dim(Y') and the canonical bundles wx and wy are of the same order.

Proof. Let x € X be a closed point. With K (z) we denote the skyscraper sheaf at z. (It is the sheaf F' such
that F(U) =k if z € U, and F(U) = 0 otherwise. In other words i.k, where i: {z} — X is the inclusion.)
Then

K(z) 2 K(z) wx & Sx (K (z))[— dim(X)].

Hence we get
F(K(z)) = F(Sx (K(x))[= dim(X)]) = F(Sx (K (z)))[— dim(X)]

since F' is exact, and by lemma 2.4 we may continue with
F(Sx (K(2)))[- dim(X)] = Sy (F(K(2)))[- dim(X)] = F(K(z)) © wy[din(Y) — dim(X)].
Now observe that F'(K(z)) is a non-trivial(!) bounded complex, since F is an equivalence. Therefore
H(F(K(2))) = H (F(K (2)) @ wy [dim(Y) — dim(X)]) = HHm0=4m00 (B (K (2)) @ wy

shows that dim(Y) — dim(X) = 0, for otherwise the complex would not be bounded. In other words, X
and Y have the same dimension, say d.
Suppose that wh = Ox. The S%[—kd] = id. Hence SE[—kd] = F o S%[—kd] o F~! = id. This means

that wf/ =~ Oy. We conclude that wy and wy are of the same order. QED

4. SIMPLE OBJECTS AND POINT-LIKE OBJECTS

4.1 DEFINITION (def 4.3 of [H]). Let D be a K-linear triangulated category with a Serre functor S And
object P € D is called point-like of codimension d if

1. S(P) = Pld];

2. Hom(P, P[i]) = 0, for i < 0; and

3. P is simple, that is: Hom(A, A) is a field.

4.2 EXAMPLE. Let X be a smooth projective variety of dimension d over K. Let z € X be a closed point.
Then the skyscraper sheaf K(x) € DP(X) is point-like of codimension d.

Assume that wx = Ox. (This condition is satisfied, for example, if X is an abelian variety or a
K3 surface.) Let F be a simple sheaf on X. Then F defines a point-like object in D (X).

4.3 LEMMA (lem 4.5 of [H]). Let X be a smooth projective variety over K. Suppose that F*® is a simple
object of DP(X) with zero-dimensional support. If Hom(F®, F*[i]) = 0, for all i < 0, then F* = K(z)[m)]

for some closed point v € X and some integer m.



Proof. If the support of F* is not irreducible, then F* is not simple. (This is clear for sheaves, and by an
induction argument using distinguished triangles, one may also deduce this for bounded complexes.) Hence
there is a closed point « € X such that F* is supported on {z}.

Let i™ be the maximal integer i such that H!(F*) # 0, and i~ be the minimal integer i such that
H!(F®) # 0. Note that H*(F®) is a finite module over the Noetherian local ring O,, and thus there is a

non-trivial homomorphism H*' (F*) — #i (F*). This gives a non-trivial composition
Folit] = H(F) = " (F) = Folim).

By assumption, this implies i~ —4* > 0, and hence i~ = i*. Write 4 for i~ = i7. We have now showed that
F*[i] is isomorphic to a coherent sheaf F' with support on z. There is a natural quotient map F — K(z),

and this must be an isomorphism, since F' is simple. QED

4.4 PROPOSITION ([BOJ; prp 4.6 of [H]). Let X be a smooth projective variety over K. Assume that

wx or wy is ample. Then every point-like object of DP(X) is isomorphic to K(x)[m] for some closed point

x € X and some integer m.

Proof. Write d for the dimension of X. Let P be a point-like object of DP(X) of codimension ¢. Abbreviate

H!(P) by H'. By the first condition on P we find H' ®@ wx[d] = H'[c], which implies ¢ = d and H' @ w = H.
For any coherent sheaf F', the Hilbert polynomial Pr(k) = x(F ® w%) has degree dimsupp(F). We

have just computed that Py (k) is constant, and therefore H’ has zero-dimensional support. Now apply

lemma 4.3. QED

4.5 LEMMA (prp 3.17 of [H]).  Let X be a smooth projective variety over K. Then the objects K (X)), with
x € X a closed point, form a spanning class for D?(X).
Proof. This means that for every object F* in D(X) there exist closed points z1,z € X, and integers
i1,19 € Z such that

Hom(F*, K(x1)[i1]) # 0 # Hom(K (z2)[i2] F*).

By Serre duality we only have to find z; and i;. Let m be the maximal integer i such that H* = H(F*) # 0.
Let 1 be a closed point in supp(H™). Then there is a non-trivial map H™ — K(x1), and we have
Hom(F*, K(x1)[—m]) = Hom(H™, K(z1)) # 0. Thus we win, by taking iy = —m. QED

5. INVERTIBLE OBJECTS

5.1 DEFINITION (def 4.8 of [H]). Let D be a K-linear triangulated category, with a Serre functor S. An
object L € D is called invertible if for every point-like object P € D there exists an integer n such that

K ifi=n

Hom(L, P[i]) = {0 otherwise.

5.2 PROPOSITION ([BOJ; prp 4.9 of [H]).  Let X be a smooth projective variety over K. Every invertible
object in DP(X) is of the form L[m], with L a line bundle on X, and m € Z. Conversely, if wx or w¥% is
ample, then for every line bundle L on X, and every m € Z, the object L[m] € D(X) is invertible.



Proof. Let L be an invertible object in DP(X). Let m be the maximal integer 7 such that H* = H*(L) # 0.
There is a natural map L — H™[—m]. Let = be a closed point in supp(H™). There exists a non-trivial map
H™ — K(x). Since K(z)[—m)] is point-like, and we know that

Hom(L, K (z)[—m]) = Hom(H™, K(z)) # 0

we conclude that Hom(L, K (x)[¢]) = 0 for all i # —m.

The strategy of the rest of the proof is as follows:

Use spectral sequences and commutative algebra to show that H™ is locally free at x.
Deduce that supp(H™) is an irreducible subset of X, hence all of X.

This means that H™ is a line bundle.

The rank of H™ must be 1, by the defining property of invertible objects, hence H™ is a line bundle.
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Use more spectral sequence arguments to deduce that H? vanishes for i < m.

For the second part of the proposition, let L be a line bundle on X, and m € Z. Let P € D”(X) be
a point-like object. By proposition 4.4 we know that P = K(x)[n], for some closed point € X and some
n € Z. We compute

Hom(L[m], P[i]) = Hom(Ox, LY ()[i +n —m]) = HT""™(X, LY (z)).

Now, the latter cohomology group is trivial, unless i = m — n, and then it is H*(X, LY (z)) = K. QED

6. A THEOREM OF BONDAL AND ORLOV

6.1 THEOREM ([BOJ; thm 4.11 of [H]). Let X and Y be smooth projective varieties over K. Assume that
wx or wY is ample. If there exists a graded equivalence DP(X) = DP(Y), then X =Y. In particular, wy
or wy- is also ample.
Proof. Denote the equivalence D?(X) — DP(Y') with F. The graded equivalence preserves point-like objects
and invertible objects. By we know that Oy is invertible, and therefore F(Ox) is of the form L[m] for
some line bundle L on Y, and m € Z. Replace F with (_® LY[—m]) o F. By construction we now have
F(Ox) = Oy. If we prove that wy or wy is ample, then we are done by lemma 2.5.

Let P € D"(Y) be a point-like object. By lemma 4.5 there exists a closed point y € Y and an integer m
such that Hom(P, K(y)[m]) # 0. On the other hand, there are also closed points zp,z, € X and integers
mp, my € Z such that F(K(zp)[mp]) = P and F(K(z,)[m,]) = K(y), since F is an equivalence. Now we

compute
0 # Hom(P, K (y)[m]) = Hom(F (K (zp)[mp]), F(K(zy)[my +m])) = Hom(K (zp)[mp], K(zy)[my + m])
which implies zp = x,, and hence
P=F(K(zp)[mp]) = F(K(zy)[mp]) = K(y)mp —m,].

In fact, since we have arranged that F(Ox) = Oy we get an induced bijection between the closed points
of X and those of Y: F(K(z)) = K(y)[m], for some y € Y and m € Z, and

0 # Hom(Ox, K(z)) = Hom(F(Ox), F(K(z)) = Hom(Oy, K(y)[m])
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implies that m = 0.
Finally, we will prove that if w% is very ample, then w}. is very ample. We follow [H] and show this by
proving that wéf, separates points and tangents. The line bundle wéﬁ separates points, if for any two closed

points y1,y2 € Y the restriction map
wy — wy (y1) © wy(y2) = K(y1) © K(y2)

induces a surjection H°(Y,w¥) — H(Y, K(y1) ® K(y2)). Note that there is only one map w¥ — K(y;) (up
to scaling). Hence we get the desired result by transport of structure, since F(wx) = wy.

Now, on to separating tangents. The line bundel w¥. separates tangents if for every subscheme Z, C Y
of length 2 the restriction map wf — Oz, induces a surjection HO(Y,w}) — H°(Y,0z,). Let us unwrap
this a bit: the subscheme Z, is given by a point y, and a tangent vector at y; and Oz, fits into a short exact
sequence

0— K(y) = Oz, — K(y) — 0.

Thus, Oy, corresponds to a class in Hom(K (y), K (y)[1]), which we may transport to DP(X) to obtain a
sheaf Oz, belonging to some length 2 subscheme Z, C X. The equivalence F' maps the restriction map

wé“( — Oz, to the restriction map wf/ — Oz,. This proves the result. QED

7. AMPLE SEQUENCES

7.1 DEFINITION. Let A be a k-linear abelian category with finite-dimensional homsets. A sequence of
objects L; € A, i € Z, is called ample if for any object A € A there exists an integer ig(A) such that for all
i <ip(A) one has:

1. The natural morphism Hom(L;, K) ®; L; — A is surjective.

2. If j # 0, then Hom(L;, A[j]) = 0.

3. Hom(A, L;) = 0.

7.2 EXAMPLE. Let X be a smooth projective scheme over K. Let L be an ample line bundle on X. Then
the sequence (L%);cz forms an ample sequence in the category of coherent sheaves on X. To see this, apply
Serre’s vanishing theorem, to see that the first two conditions are satisfied. The third condition also follows

from Serre’s vanishing theorem after applying Serre duality.

7.3 PROPOSITION ([BOJ; prp 4.23 of [H]).  Let F:DP(A) — DP(A) be an autoequivalence, with A a k-linear
abelian category with finite-dimensional homsets. Suppose f:id¢r,y — Flr,y is an isomorphism of functors
on the full subcategory {L;} given by an ample sequence L; in A. Then there exists a unique extension to

an isomorphism of functors f: id — F.

8. AUTOEQUIVALENCES

Let X be a smooth projective variety over K. In this section we want to study the group of autoequivalences
of DP(X).



8.1 EXAMPLE. We give three examples of autoequivalences. As we will see, if wx or wY is ample, then

these examples essentially cover all autoequivalences.

1. Let f: X — X be an automorphism. The f,:DP(X) — DP(X) is an equivalence; its inverse is given
by f*.

2. The shift functor [1] is an equivalence.

3. Let L be a line bundle on X. Then _® L is an equivalence.

8.2 PROPOSITION ([BOJ; prp 4.17 of [H]).  Let X be a smooth projective variety over K. Assume that wx
or wy is ample. Then
Aut(DP(X)) = Z x (Aut(X) x Pic(X)).

Proof. Let F be an autoequivalence. After shifting and twisting by a line bundle we may assume that
F(Ox) = Ox. Since F commutes with the Serre functor Sx, we find F(w%) = wk, for all k € Z.
Thus F induces a graded automorphism of Bx, and thus an automorphism ¢ of Proj(Bx) = X. After
replacing F' with F o ¢*, we may assume that the induced automorphism on X is trivial. Now it follows

from proposition 7.3 that F' is the identity. QED

9. BIBLIOGRAPHY

[BO] Bondal, Alexei; Orlov, Dmitri. Reconstruction of a variety from the derived category and groups of
autoequivalences. Compositio Math. 125 (2001), no. 3, 327-344.
[H] Hubrechts, Daniel. Fourier-Mukai transforms in algebraic geometry. Oxford Mathematical Monographs.
The Clarendon Press, Ozford University Press, Oxford, 2006. viii+307 pp. ISBN: 978-0-19-929686-6;
0-19-929686-3.



